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' There is a large class of classical null-fronted metrics in which a free scalar field has an 

j^ infinite number of conservation laws. In particular, if the scalar field is quantized, the number 



of particles is conserved. However, with more general null-fronted metrics, field quantization 
cannot be interpreted in terms of particle creation and annihilation operators, and the physical 
meaning of the theory becomes obscure. 
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Conventional canonical dynamics, and likewise quantum field theory, use a time-like coor- 
dinate as the evolution parameter. However, it was pointed out long ago by Dirac [1] that it 
may be advantageous to use a null coordinate for that purpose. The mathematical consistency 
of quantum field theory on null slabs in Minkowski space was formally proved by Leutwyler, 
Klauder, and Streit [2]. This approach has led to numerous applications in particle physics [3]. 

In this work, we examine the consistency of canonical (or quantum) field theory when a 
null coordinate is used as the evolution parameter in curved spacetime. This choice may be 
advantageous for additional reasons: in some cases, a complete foliation of spacetime may be 
possible with null hyper surf aces, while it is impossible with space-like hypersurfaces. We start 
by giving a very simple derivation of a result which has been known for some time: classical 
plane-fronted gravitational waves do not polarize the vacuum; namely, their interaction with a 
free quantized field does not create particles [4-6] . We show that this property is a special case 
of an infinity of conservation laws, valid for any metric which obeys the conditions 

r = g'' = g'' = 0, (1) 

and 

dg'^^/dx'^ = 0. (2) 

However, when we consider more general metrics, we run into severe consistency problems. In 
particular, a free quantum field cannot be interpreted as consisting of particle creation and 
annihilation operators. 

The condition g^^ = means that hypersurfaces with constant x^ = u (which will be 
used as "time" in the following discussion), have a null normal vector daU. This is why u is 
called a "null coordinate." Equation (2) is the definition of the "null-fronted" symmetry. We 
shall use numerical indices 0, 1, 2, 3, to denote the coordinates u,x,y,v, respectively. Greek 
indices refer to all four coordinates, and Latin indices to coordinates 1 and 2 only. Plane- 
fronted gravitational waves [7] are a special case of null-fronted metric: the only nonvanishing 
components of g"^ are g^^ = —g^^ = —g'^'^ = 1, and g^^ which satisfies J2md'^g^^/{dx"^y = 0. 
Null-fronted metrics with more general values of g"'^ indicate the presence of a nonvanishing 
energy- momentum tensor, which may sometimes (but not always) be physically realizable [8]. 

Equation (2), together with the geodesic equation, 

_ 1 dga/s dx^ dx^ , . 

~ 2 dx^ ds ds ' ^ ' 

which describes the motion of a free classical particle, implies that the momentum component, 

P3 = mg3a{dx"/ds), (4) 

is a constant of the motion (m is the mass of the particle). Since all classical orbits have this 
property, we expect the existence of infinitely many conservation laws in a free field theory 
(classical or quantal) having a null-fronted background metric. 

Consider indeed a free classical real scalar field 0, satisfying the Klein-Gordon equation 

{'j"'^ (p ,a) ,/3 = — /t^70j where 7 = {—Det ga^Y^"^ and 7"^ = 7(7"^. (The 7"^ are denoted by 




Gothic letters in the older literature.) All these expressions are functions of u, x, and y only. 
Explicitly, the Klein-Gordon equation is 

2 7°' 0,03 + 7°',0 0,3 + 7'' 0,33 + 2 7"^' 0,m3 + 7"'^n^ 0,3 + (7"^" 0,m),n = -/t' 7 0- (5) 

Let us perform a Fourier transformation with respect to v (only): 

X{u,x,y,p) = (27r)-i/2 / e'^^^ (l)iu,x,y,v) dv. (6) 

For quantized particles, the physical meaning of the parameter p would be ps/h. However, 
the present argument is strictly classical (quantization will be discussed later). The Fourier 
transform of Eq. (|^) is 

- 2^P7°3 X,0 - tPl"',0 X-P'1''X- 2*P7"^' X,m - ipi'^^m X + (7"^" X,n^),n = 'k" 7 X- (7) 

Let us further define ip = Vt^^X- After some rearrangement, Eq. (7) can be written as 

idip/du = f2{u,x,y,p,dx,dy)ip, (8) 

where i7 is a linear operator acting on the space of complex functions ip{u,x,y,p): 



- 2zp7™=^ (^/V7^),m - ^P7'"^™ (^/v/7^)}/2pV7^. ^^^ 

We are using here a mathematical technique borrowed from ordinary quantum mechanics, but 
at this stage the problem is completely classical. 

It will now be shown that J ip* ilip dx dy is real (that is, i? is a Hermitian operator) if ip 
falls rapidly enough for large x and y. This result is obvious for the first two terms in the braces 
on the right hand side of (9). For the third term, we have, after integrating by parts. 



r [(7"^" X,m),n/ V7°^ ]dxdy = -J x:„ 7"^^^ X,™ dx dy, (10) 

which is also real. Likewise, the last two terms together give 

-(V2) fx*i2^"^'x,m + l'^\mX)dxdy = -{z/2) f {x* l""' X,m - X*^""' x) dxdy, (11) 



where an integration by parts was performed on the second term on the left hand side. Again, 
the result is seen to be real. 

It therefore follows from Eq. (^ that 

(d/du) \ip{u,x,y,p)\'^ dxdy = Vp, (12) 

so that the expression / |'?/;('u, x,?/,p)p(ix(i|/ is a constant of the motion (it has the same value 
on all the hypersurfaces u = const.). We thus have an infinity of conservation laws, one for 
each value of p. 

We now turn our attention to the quantized version of the above theory. We assume that 
a quantum field ^ satisfies the same Klein-Gordon equation as the classical field, for the given 
classical background ga/s'- 

i d^{u, X, y, p)/du = Q{u, x, y, p, d^, dy) ^{u, x, y, p). (13) 



Note that tp' is a quantum field operator, acting on the Hilbert space of quantum states, while 
i7 is a purely classical linear operator referring to the classical parameters u, x, y, and p. The 
problem is whether Eq. (13) generates a unitary transformation of the field operator IP. 

This question is not trivial, because the present classical field theory does not have the 
usual canonical structure, and there is no guarantee that quantization is possible [9]. The term 
1 ^a/30^^0^^ jj^ ii^Q Lagrangian density £ produces a canonical momentum vr = dC/d(j)^o = 7°^0,3 • 
This relationship is a constraint restricting the values of vr and on a constant x° hypersurface. 
Moreover, the Hamiltonian density, H = iKp^ — C, does not depend on n at all! The analogy 
between Poisson brackets and commutators therefore fails, and it is not obvious that there is a 
unitary evolution law id^{u,x,y,p)/du = [\[^{u,x,y,p),H], where if is a Hermitian operator 
acting on the quantum Hilbert space. This ought to be proved. 

Since the classical ip satisfied ip{u,x,y, —p) = ip*{u,x,y,p), we shall assume the same for 
the quantized field: 

^\u,x,y,p) = ^{u,x,y,-p), (14) 

where a dagger denotes the adjoint of an operator in the quantum Hilbert space (an asterisk 
denotes the complex conjugate of an ordinary number). We shall henceforth consider both ^ 
and iZ^^ as independent variables, and on the other hand we restrict p to positive values [2,3]. 
We further postulate the equal-u commutation relations (whose consistency we shall have to 
check, since they cannot be derived from an analogy with classical Poisson brackets): 

[^{u,x',y\p'),^{u,x",y"y)]=Q, (15) 

[^\u,x',y\p'),^\u,x'\y"y)] = Q, (16) 

[^(w, x\ y\ p'), ^t(u, x", y", p")] = 6{x' - x") 6{y' - y") 5{p' - p"), (17) 

where an arbitrary normalization constant on the right hand side of (17) has been ignored. 

Finally, we define, in the quantum Hilbert space, a Hermitian operator H, which will play 
the role of a Hamiltonian, as we shall see: 

H= hl^\u,x,y,p) Q\P{u,x,y,p) dxdydp. (18) 

We then indeed have 

[^{u,x',y',p'),H] = n^{u,x',y',p'), (19) 

and we can consistently postulate that both sides of (19) are equal to id\P{u,x',y',p')/du, 
in agreement with Eq. (p!3|). This justifies the name "Hamiltonian" given to the operator 
H defined above. That operator generates a unitary dynamical evolution: the commutation 
relations (|T^-[T^) remain valid for all u. 

This can also be seen in a more complicated but more general way, which will be useful 
later, because it does not rely on the existence of a Hamiltonian. We can directly differentiate 
Eq. ([T7|) with respect to u, and use Eq. (|13D and its adjoint, 

i d^^{u, X, y, p)/du = Q{u, x, y, p, d^, dy) ^"^{u, x, y, p), (20) 



where f2{u, x, y,p, dx, dy) = f2{u, x, y, — p, dx, dy), by virtue of (|1J). (We can also write this as 
i? = — i?*.) Since i? is an operator acting on functions of x, y, and p, and is local in these 
coordinates, it is straightforward (but tedious) to verify that 

z {d/du) m\ (^t)"] = [(^ ^y^ (^t)"] + [(^)'^ (^ y>t)"] = 0, (21) 

where (ip')' means ^{u,x',y',p'), and likewise for the other symbols. It is crucial in the verifi- 
cation of (21) that i7 be both local and Hermitian. 

The commutation relations (pTSj-pTD show that the operators ^ and ip'^ behave as annihila- 
tion and creation operators, respectively. In a fiat spacetime, it is possible to Fourier transform 
the coordinates x and y too, and it then becomes manifest that the transformed operators refer 
to particles of mass hn/c. [This will be explicitly shown later, see Eq. ( p9D and the ensuing 
discussion.] 

Consider in particular the case of a "sandwich wave" : for u < Ui and u > U2 , spacetime 
is flat {g^^ = —g^^ = —g^^ = 1, other (^"^ vanish). As we have just seen, there are separate 
linear field equations for \P and for \[^^ , even in the region ui < u < U2 (this is related to 
the conservation of the classical momentum ps). Nowhere is there any mixing of creation 
and annihilation operators. Therefore there is no Bogoliubov transformation. The number 
of particles is conserved, and in particular no particles emerge from the vacuum [4-6]. The 
meaning of the more general conservation laws that we found here is that for each value of p^ 
separately, the number of particles with momentum p^ is conserved. 

Finally, we turn our attention to more general null-fronted metrics, where g^"^ ^ 0. In that 
case, the classical field equations can be written as 

A {i d^/du) =BiIj, (22) 

where ifj = Vt^X ^ls before, and where A and B are linear operators acting on the complex 
function ip{u, x, y, p) . Explicitly, 

A = 2p + i [{d/dx"^) (t^'^/t"') + (7°"/7°') (a/ax™)] , (23) 

which is manifestly Hermitian. Then, with the exception of a subspace of functions satisfying 
All) = 0, there exists [10] a unique inverse operator, A~^, and we can write 

idilj/du = {A-^B)ilj. (24) 

Note that A~^ is not local (the inverse of a differential operator is an integral operator) but this 
is not the main issue. The difficulty is that A~^B is not, in general Hermitian. Consequently, 
if we attempt to have a quantized field operator ip' which obeys an equation analogous to (24), 
the commutation relation (p!7| ) is in jeopardy. 

Let us substitute A~^B for i7 in Eq. ( pTD (and likewise A~^B for f2, where a tilde on A or 
B means the substitution p — > — p), and let us multiply the result by {A)\A)" , to eliminate the 
nonlocality. We obtain an expression 

[{B^)\ {A^^)"] + [{A^)\ {m^)"l (25) 

and the question is whether this sum vanishes, so that (|1^) can hold for all u. 



As a simple example, consider the case where the only nonvanishing components of 7"^^ 

are 7°^ = —7^^ = —7^^ = 1, and 7°^ = f{u). Let g{u) = df/du. We have 

A = 2p + 2i f{u) d/dx, (26) 

B = -{d^/dx^) - (9VV) + «;' + 9{u) d/dx. (27) 

Since the 7"^ do not depend on x or y, we can perform a Fourier transformation on these two 
coordinates, and define 

a(M,k,p) = (27r)"^ e~'^''' ^{u,x,y,p) dxdy, (28) 

where k = {kx,ky} and r = {x, y}. We likewise define the adjoint operator a^(M,k,p). It is 
straightforward to show from Eq. (^) that 

[a{u, k',p'), a\u, k",p")] = 6ik' - k") 6{p' - p"). (29) 

The Fourier transform of the field equation (|2^) is, with the values of A and B specified above, 

2 (p - / h) {i da/du) = {k^ + k^ + i g K) a, (30) 

and likewise for aK 

In the special case of fiat space {f = g = 0), Eq. (30) reduces to the equation of motion 
(in the Heisenberg picture) for the annihilation operator, a{u, k,p), of a particle of mass hn/c. 
However, ii g y^ 0, the situation is more intricate. Let us assume that the commutation relation 
(p9D is valid at some "time" ui . At later times, we have, from (30), 

a{u, k,p) = a{ui, k,p) Z{ui ,u, k,p), (31) 

where 

Z{u, , u, k, p) = exp i^-^ ^^ ^ ^^ _ f ^^.^ j,^^ du j . (32) 

Because of the ig term in the numerator, \Z\^\ and Eq. (|3l|) is not a unitary transformation. 
A straightforward calculation gives 

[a(«,k',p'),a^Kk",/)] = <5(k'-k")^(p'-/) |Z(«i,«,k',p')l'- (33) 

If this is transformed back into coordinate space, the result is not proportional to 

b{x' ~x")b{y' ~y"), but is 

W)'A^^)"\ = {2n)-'6{p'-p") J\Z{u,,u,k,p)\'e''^<^'-^"Uk. (34) 

This is a nonlocal function of {x' — x") and {y' — y")- The commutation relation ([TTD is therefore 
incompatible with the field equation (|I3|). The quantum field ^{u, x, y,p) cannot be interpreted 
in terms of particle creation and annihilation operators, and the physical meaning of the theory 
is problematic. [In this particular case, there is a simple way out of the dilemma: returning 
to the usual time, t = {u + f )/v2. Surfaces of constant t have everywhere a time-like normal 
vector, and a Cauchy problem can be properly formulated. However, this may not be possible 
for more general metrics.] 
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